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Abstract
When a square tube is brought in contact with bulk liquid, the liquid wets the corners of the tube,
and creates finger-like wetted region. The wetting of the liquid then takes place with the growth of
two parts, the bulk part where the cross section is entirely filled with the liquid and the finger part
where the cross section of the tube is partially filled. In the previous works, the growth of these
two parts has been discussed separately. Here we conduct the analysis by explicitly accounting
for the coupling of the two parts. We propose coupled equations for the liquid imbibition in both
parts and show that (a) the length of each part, h0 and h1, both increases in time t following the
Lucas-Washburn’s law, h0 ∼ t1/2 and h1 ∼ t1/2, but that (b) the coefficients are different from
those obtained in the previous analysis which ignored the coupling.
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I. INTRODUCTION
The spontaneous filling of liquids into microchannels driven by capillary action is crucial
for a broad range of applications, such as in microfluidic devices [1–3], lithography [4], DNA
manipulation [5], and liquid management in low-gravitation environments [6]. A pioneering
work on the dynamics of the imbibition was conducted by Lucas [7] and Washburn [8] nearly
a century ago. They considered the imbibition process in a circular tube which is brought
in contact with bulk liquid. When the effect of gravity and inertia are ignored, they showed
that the time dependence of the filling length, h(t), is described by
h(t) = k t1/2 =
√
γa cos θ
2η
t1/2 , (1)
where a is the radius of the tube, θ is the equilibrium contact angle of the liquid to the
tube surface, η and γ are the viscosity and surface tension of the liquid. The t1/2 scaling
of Lucas-Washburn has been confirmed experimentally in macroscopic systems as well as in
nanoscale systems [9–13].
The Lucas-Washburn formula was obtained by considering the bulk part of the liquid only,
and ignoring the front part which involves complex boundaries and complex flow fields. Such
treatment is justified as long as the size of the front portion is small compared with the bulk
part. If the tube has a circular cross section, such condition is fulfilled since the liquid front
takes a spherical shape and its length remains finite during the imbibition process. On the
other hand, if the tube has a triangular, or a square cross section (or in general polygonal
shape), the effect of the front part cannot be neglected. In such a tube, the liquid wets the
corners, and forms “fingers”. The liquid imbibition thus takes place with two parts, the bulk
part and the finger part, both grow in time.
Many studies have been performed for the capillary filling in non-circular tubes. Theo-
retical calculations have been done for the filling length h(t) in tubes having various cross
sections, such as triangular [14–16], rectangular [17, 18], and skewed U-shaped channels [19].
Those calculations indicate that h(t) obeys the Lucas-Washburn t1/2 scaling. The front co-
efficient k in Eq. (1) varies depending on the geometry and the roughness of the channel
walls [20], and was shown consistently less than what Lucas-Washburn equation (1) predicts
[21]. In all these calculations, the effect of the finger part has been ignored.
The growth of the finger part has also been studied separately by a few groups. Ransohoff
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and Radke [22] calculated the viscous resistance of the finger as a function of the surface
shear viscosity and the contact angle. Dong and Chatzis [23] utilized this result to calculate
the liquid imbibition in the corners of a square tube. They also measured the advancement
of the finger part by introducing several slugs of liquid into a square tube with both ends are
sealed. In this case, the motion of the bulk can be ignored since the total amount of liquid is
fixed. The experimental measurement were consistent with the theoretic predictions. Such
studies have shown that the growth of the finger also obeys the Lucas-Washburn law (1).
In this paper, we will consider the problem of liquid imbibition in a square tube, account-
ing for the coupling explicitly between the bulk part and the finger part. Similar system
has been studied by Weislogel [24] using the Laplacian scaling method [25]. We shall show
that both bulk part and the finger part grows in time obeying the Lucas-Washburn law,
but differ in the numerical coefficients. The imbibition is slowed down by ca 3% due to the
presence of the finger part.
Gravity is another important factor in determining the imbibition dynamics. In the case
of a horizontal tube when the imbibition direction is perpendicular to the direction of the
gravity, the fingers may become unstable [26, 27] when the tube size is larger than the
capillary length. In the case of a vertical tube, the gravity influences the dynamics of the
finger and bulk differently, because the mass involved in the bulk flow is much larger than
that of finger flow. For the bulk part, the liquid in the tube eventually reached the Jurin’s
height and the imbibition stops. However, for the finger part, the tip of the finger is shown
to move as t1/3 [28], a different scaling to the classical Lucas-Washburn. In this paper, we
shall only consider a horizontal tube with a tube size smaller than the capillary length,
therefore the effect of gravity can be neglected.
II. MODEL AND THEORY
We consider a horizontal square tube with a side length 2a, put in touch with an infinite
reservoir of liquid of viscosity η and surface tension γ. A schematic picture of the system
is illustrated in Fig. 1(a). Here we consider the simple case of fully wetted liquid, i.e.,
the contact angle θ is equal to zero. A bulk liquid imbibes into the tube, accompanied by
advancing fingers that wet the corners. The fingers can form when the liquid’s contact angle
is less than a critical contact angle θc = 45
◦ for a square tube [29–31]. The imbibition length
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of liquid in the bulk is denoted by h0 and the length of the meniscus front of the thin fingers
is h1. The liquid length of the transition region connecting the bulk and the thin fingers is
ℓ. During the imbibition process, the length ℓ remains finite and becomes negligibly small
at late times when both h0 and h1 become large. Therefore, we will consider a simplified
picture shown in Fig. 1(b), and neglect the transition region.
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FIG. 1. Schematic picture of capillary imbibition of a liquid into a square tube. (a) Perspective
view – The saturation s(z) is equal to 1 for 0 < z < h0, and decreases to s
∗ in the transition region
h0 < z < h0 + ℓ. The present analysis for the finger part is valid for z > h0 + ℓ. However, since h0
and h1 are much larger than ℓ, we ignore the transition part and conduct the calculation assuming
ℓ = 0. The saturation s(z) decreases with z for z > h0 and goes to 0 at z = h0 + h1, as illustrated
in the side view (b). The side length of the square cross section is 2a.
We shall derive the time evolution equations for both the bulk and finger parts of the
imbibing fluid using Onsager principle [32]. The Onsager principle presents a general frame-
work to derive the time evolution equation for non-equilibrium system, and the method has
been successfully applied to various soft matter systems [33–40]. For the present problem,
this principle amounts to the least energy dissipation principle in Stokesian hydrodynamics,
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which states that the dynamics of system can be directly determined by the minimum of
the Rayleighian defined by
R = F˙ + Φ , (2)
where F˙ represents the time derivative of the free energy of the system, and Φ represents
the energy dissipation function, equal to half of the work done to the liquid per unit time.
A. Free energy
In the plane perpendicular to the tube axis, the profile of the meniscus, i.e., the liquid-
vapor interface, is a part of a circle (Fig. 2). We define r(z) as the radius of curvature of
the liquid-vapor interface in the cross-section located at location z, and saturation s(z) is
the fraction of area occupied by the wetting liquid in a cross-section of the tube. The radius
r(z) can be written as a function of s(z). The free energy of the whole system can be written
as
F =
∫
dzf(s(z)), (3)
where f(s) is the local free energy density (free energy per unit length), which is a function
of the local saturation s(z). We can distinguish two scenarios, characterized by whether the
vapor-solid interface exists in the cross-section of the tube.
• When the inner surface of the tube is fully wetted by the liquid, there are no vapor-
solid interface in the cross-section, and the liquid-vapor interface forms a closed circle.
This is illustrated in Fig. 2 case II. In this case, the saturation has to satisfy the
condition
1− π
4
≤ s(z) ≤ 1. (4)
The radius of the circle is given by
r(z) =
√
4
π
(
1− s(z))a. (5)
The free energy density is given by
f(s) = 8a(γLS − γVS) + 2πr(z)γ =
[
−8 cos θ + 4
√
π
(
1− s(z))] aγ. (6)
where γLS and γVS are the interfacial tensions at the liquid-solid and vapor-solid inter-
faces, respectively. In the last line, we have used the Young’s relation for the contact
angle, γLS + γ cos θ = γVS.
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FIG. 2. The free energy density is plotted as a function of the saturation s for different contact
angles θ by Eq. (6) (case II, where there are no vapor-solid interfaces) and Eq. (10) (case I, where
vapor-solid interfaces exist and the liquid-vapor interfaces consist of four arcs near the corners).
The black straight line goes through the two points with s = s∗ and s = 1 of the curve of the free
energy density for θ = 0. The slope of the straight line is equal to the derivative of the free energy
density at the point of the equilibrium saturation s∗ through Eq. (10).
• When there are solid surfaces exposed to the air, as illustrated in Fig. 2 case I, the
liquid-vapor interfaces consist of separated arcs in four corners. In this case, a critical
saturation sc exists, above which the vapor-solid interfaces disappear. This critical
saturation is given by
sc =
C
(cos θ − sin θ)2 , C = cos
2 θ − sin θ cos θ − (π
4
− θ). (7)
The saturation has to satisfy the condition
0 ≤ s(z) ≤ sc. (8)
The radius r is given by
r(z) =
√
s(z)
C
a, (9)
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and the free energy density is given by
f(s) = 8
(
r(z) cos θ − r(z) sin θ)(γLS − γVS) + (2π − 8θ)r(z)γ
=
[− 8(cos θ − sin θ) cos θ + 2π − 8θ]aγ
√
s(z)
C
. (10)
Figure 2 shows the free energy density as a function of the saturation s for different
contact angles θ [given by Eq. (6) and Eq. (10)]. For contact angle θ > 0, one can show
that the critical saturation sc > 1− pi4 , thus in the saturation range 1− pi4 < s(z) < sc, both
states are possible.
For large saturation, the second derivative of the free energy density d2f(s)/ds2 is neg-
ative, indicating an unstable state. One of the possible stable state is s = 1, the fully
saturated state. The other possible state is given by drawing a straight line passing through
f(s = 1) point, and the line is also tangential to the free energy curve at a small saturation
s = s∗. This is shown as the black line for the case of θ = 0 in Fig. 2. For the perfectly
wetting case (θ = 0), the saturation s∗ ≃ 0.06 (See Appendix A for details).
B. Dissipation function
We assume that liquid imbibes slowly in a horizontal capillary tube and ignore the effect
of gravity and inertia. The flow of liquid is almost one-dimensional, i.e., the z-component
of the flow velocity, vz, is much larger than those in the other two directions. Thus the flow
of liquid satisfies the Stokes equation
η
(
∂2vz
∂x2
+
∂2vz
∂y2
)
=
∂p
∂z
, (11)
where ∂p/∂z is the pressure gradient along the tube axis. The flow velocity vz can be
expressed in a dimensionless form as [22]
u¯ =
ηvz
L2(−∂p
∂z
)
, (12)
where L is a characteristic length scale. For the finger part, it is nature to use the radius of
curvature L = r(z), while for the bulk flow, the characteristic length is the tube size L = a.
In this way, Eq. (11) becomes a Poisson equation
∂2u¯
∂x¯2
+
∂2u¯
∂y¯2
= −1 , (13)
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with no-slip boundary conditions u¯ = 0 at the liquid-solid interfaces and shear-free boundary
condition n· ∇u¯ = 0 at the free surface, where n is the normal vector of the meniscus surface.
The friction constant ξ of the system is given by the Darcy’s law
∂p
∂z
= −ξQ , (14)
where Q =
∫
dxdy vz is the volume flux of liquid threading a cross section per unit time.
Combining Eq. (12) and Eq. (14), ξ is written as
ξ =
η
L4
∫
dx¯dy¯ u¯
, (15)
where the integral is obtained by solving the Poisson equation. We performed numerical
calculation using the finite element method in Matlab.
For a perfectly wetting liquid in the bulk and the fingers, the friction constant ξ can be
calculated as a function of saturation s. For the bulk part s = 1, the friction constant is
ξ(s = 1) =
ηB0
a4
, B0 ≃ 1.7784. (16)
For the finger part
ξ(s < s∗)=
106.5η
r(z)4
=
ηB1
a4s(z)2
, B1 ≃ 5.0. (17)
These values agree with the results of Refs. [20, 22]. The dissipation function is then given
by
Φ =
1
2
∫
dz ξ(s) [Q(z)]2. (18)
C. Capillary flow in the bulk
We start with liquid flow in the bulk and ignore the effect of liquid imbibition in the fingers
for the moment. Taking the case of perfectly wetting as an example, the time derivative of
the free energy of the liquid in the bulk F˙ is obtained through Eq. (6) as
F˙ = −8aγh˙0 , (19)
where h˙0 = dh0/dt denoting the advancing velocity of liquid in the bulk. The dissipation
function Φ is given by
Φ =
1
2
ξQ2h0 , (20)
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where the flux is
Q = 4a2h˙0 . (21)
Substituting Eq. (21) and Eq. (16) into Eq. (20), it leads to
Φ = 8B0ηh0h˙
2
0 . (22)
The evolution of h0(t) is determined by the minimum condition ∂(F˙ + Φ)/∂h˙0 = 0. This
leads to
h0h˙0 =
aγ
2B0η
. (23)
The above differential equation can be solved with the initial condition h0(t = 0) = 0, and
the result is
h0 = k0
√
aγ
η
t1/2, k0 ≃ 0.75 . (24)
D. Capillary imbibition in the bulk and fingers
We now consider the liquid flow and imbibition in the bulk and fingers simultaneously.
Through Eq. (6) and Eq. (10) the free energy of liquid in the tube, including both the bulk
and fingers, can be obtained as
F = −8aγh0(t)− 8αaγ
∫ h0(t)+h1(t)
h0(t)
dz
√
s(z, t) , (25)
where we have used a shorthand notation of α =
√
1− π/4. The time derivative of the free
energy F˙ is written as
F˙ = −8aγh˙0(t) + 8αaγ
√
s∗h˙0(t)− 4αaγ
∫ h0(t)+h1(t)
h0(t)
dz
[
s˙(z, t)√
s(z, t)
]
. (26)
For the liquid in the fingers, the volume conservation requires
∂s
∂t
= − 1
4a2
∂Q1
∂z
, (27)
where Q1 is the flux of liquid in fingers. Substituting Eq. (27) into Eq. (26), it leads to
F˙ = −8aγh˙0(t)
[
1− α√s∗
]
+
γα
2a
∫ h0(t)+h1(t)
h0(t)
dz
[
∂s
∂z
]
s−
3
2Q1 − αγ
a
Q∗1√
s∗
, (28)
where Q∗1 is the flux at the entrance of the fingers (z = h0), and the corresponding saturation
s∗ ≃ 0.06.
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The conservation condition at the interface between the bulk part and the finger part,
i.e., at z = h0(t), can be written as
Q0 = Q
∗
1 + 4a
2(1− s∗)h˙0 . (29)
The dissipation function Φ0 for liquid in the bulk is given by
Φ0 =
h0
2
B0η
a4
Q20 =
h0
2
B0η
a4
[
Q∗1 + 4a
2(1− s∗)h˙0
]2
. (30)
According to Eq. (17) the dissipation function Φ1 for liquid in the fingers is written as
Φ1 =
1
2
∫ h0(t)+h1(t)
h0(t)
dz
ηB1
a4s2(z, t)
Q21(z, t) . (31)
Through Eq. (30) and Eq. (31) the total energy dissipation function Φ for liquid in the tube
is given by
Φ =
h0
2
B0η
a4
[
Q∗1 + 4a
2(1− s∗)h˙0
]2
+
1
2
∫ h0(t)+h1(t)
h0(t)
dz
ηB1
a4s2(z, t)
Q21(z, t) . (32)
The evolution equations for the imbibed liquid can be obtained by the variation δ(F˙ +
Φ)/δh˙0 = 0 and δ(F˙ + Φ)/δQ1 = 0,
h˙0 =
1
4a2(1− s∗)
[2a3γ(1− α√s∗)
B0η(1− s∗)
1
h0
−Q∗1
]
, (33)
Q1 = −αa
3γ
2B1η
s
1
2
∂s
∂z
. (34)
Substituting Eq. (27) into Eq. (34), it leads to the following time evolution equation of the
fingers
∂s
∂t
= C1
∂
∂z
[
s
1
2
∂s
∂z
]
, (35)
where
C1 =
αaγ
8B1η
. (36)
Equation (35) has the same form with Dong’s work [23], which fixed the location of the
entrance of the fingers and ignored the flow of liquid in the bulk.
The evolution equation (35) for the fingers involves a moving boundary at z = h0(t), and
it is difficult to solve numerically. We get around by the following variable transformation
z′ = z − h0, τ = t . (37)
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The evolution equation (35) becomes
∂s
∂τ
= C1
∂
∂z′
[
s
1
2
∂s
∂z′
]
+ h˙0
∂s
∂z′
. (38)
Furthermore, we perform the dimensionless transformation
z˜′ =
z′
a
, h˜0 =
h0
a
, (39)
τ˜ =
τ
aη/γ
, Q˜1 =
η
γ
Q1
a2
. (40)
The evolution equations (33), (34) and (38) take the following dimensionless forms
˙˜h0 =
1
4(1− s∗)
[2(1− α√s∗)
B0(1− s∗)
1
h˜0
− Q˜∗1
]
, (41)
Q˜1 = − α
2B1
s
1
2
∂s
∂z˜′
. (42)
∂s
∂τ˜
=
α
8B1
∂
∂z˜′
[
s
1
2
∂s
∂z˜′
]
+
˙˜
h0
∂s
∂z˜′
. (43)
The boundary conditions to Eq. (43) are
s|z˜′=0 = s∗ = 0.06, s|z˜′→∞ = 0 . (44)
Now the evolution of meniscus in the fingers becomes a fixed boundaries problem and can
be solved numerically using backward difference method.
To summarize, the dynamics of the bulk h˜0(t) is given by an ordinary differential equation
(41). It coupled to the finger flow through the flux Q˜∗1 at the entrance of the finger. The
dynamics of the finger part is given by a partial differential equation (43) with the boundary
conditions (44). It cannot be solved without knowing the dynamics of the bulk part, because
it contains the term ˙˜h0. To obtain the full dynamics, one need to solve these two differential
equations simultaneously, with suitable initial conditions. The initial conditions should be
physically reasonable, for example, they have to be smooth and monotonically decreasing
function from s∗ to 0. After a short period of time, different initial conditions all converge
to the same profile, which leads to the same long-time dynamics. We elaborated the effect
of initial conditions in Appendix B.
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III. RESULTS AND DISCUSSION
The ODE (41) and PDE (43) are a set of coupled equations describing the dynamic of
liquid flow in the bulk and fingers. The corresponding numerical solution of saturation s
with respect to z˜′ for the fingers changing with time τ˜ is shown in Fig. 3. As time goes on,
the saturation s and the length of meniscus front both increase with τ˜ , while the imbibition
velocity of the meniscus front reduces qualitatively with τ˜ .
0 5 10 15 20 25 30 35 40
0.00
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0.04
0.05
0.06
s
z' 
FIG. 3. The distributions of saturation s with respect to z˜′ for liquid in the fingers. Each curve
corresponds to a different time τ˜ .
The length of finger, or the position of the tip of the finger with respect to the bulk fluid,
h˜1, is displayed in Fig. 4. The black line is the numerical result of h˜1 based on Eqs. (41)
and (43). The solution can be nicely fitted with the power function
h˜1 = k1τ˜
1/2 , (45)
with a spreading factor k1 = 0.015. The red line in Fig. 4 is the analytic solution from
Ref. [23], which considered only the evolution of liquid in the fingers while the bulk liquid
does not move. In this finger-only imbibition, the finger front follows Lucas-Washburn’s
τ˜ 1/2 scaling with a spreading factor k1 = 0.1278, which is about ten times larger than
our case. Through the comparison above, we know in practice the liquid flow in the bulk
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has a significant impact on meniscus evolution in the fingers and dramatically reduces the
spreading factor of meniscus front of the fingers.
103 104 105 106
1
10
100
h 1
h1 
h1_Dong
FIG. 4. The length of the fingers, h˜1, is plotted against time, τ˜ . The black line is the numerical
result based on Eq. (41) and Eq. (43), and the red line is the corresponding result from Ref. [23]
where the movement of bulk flow is not considered.
The evolution of liquid length in the bulk h˜0 can be numerically calculated based on
Eq. (41) and (43), taking into consideration of the coupling between the bulk and the
fingers. The solution can also well fitted by the power function
h˜0 = k0τ˜
1/2 , (46)
with a spreading factor k0 = 0.728. Equation (46) indicates the time evolution of liquid in
the bulk also follows the Lucas-Washburn’s law with a reduced spreading factor compared
with that in Eq. (24), k0 = 0.75, which ignores the effect of the fingers. Hence, for liquid
flow and imbibition in the horizontal square tube, the coupling between the bulk and the
fingers decreases the spreading factor of each other, which is intuitively embodied in the
second terms on the right-hand of Eq. (41) and Eq. (43), respectively. A similar result has
been presented in a vertical square tube by Bico and Que´re´ [41], who found the measured
equilibrium rise height values of liquid in the bulk are around 6% smaller than theoretical
predictions and attributed this reduction to the wetting fingers by Princen Model [42, 43].
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Since both the bulk and the fingers follow Lucas-Washburn’s t1/2 scaling law, the ratio
between the finger length and the bulk length remains constant
h˜1
h˜0
=
k1
k2
≃ 0.0206. (47)
This ratio is smaller than the value 0.02959 predicted by the Laplacian scaling method [24].
IV. CONCLUSIONS
In this paper, we have studied the capillary imbibition and flow of a liquid along the
corners of a horizontal square tube. The spontaneous filling is composed of two parts: the
liquid in the bulk and the leading meniscus of the fingers. We first presented the dynamics
of liquid in the bulk ignoring the effect of the fingers, which is the standard Lucas-Washburn
result. Then we proposed a set of coupled differential equations to describe the evolution of
liquid in the bulk and in the fingers. We solved the equations numerically. The main results
of our study are
(1) The time evolution of both the bulk (h˜0) and the fingers (h˜1) follow the Lucas-
Washburn’s classical t1/2 scaling law.
(2) The spreading factors k0 = 0.728 and k1 = 0.015 of the bulk and fingers based on
coupling effect are lower than that those predicted by models considered only one of
them in isolation, especially for k1, the value of which will be reduced to an order of
magnitude compared with Ref. [23].
Our numerical results indicate that Lucas-Washburn’s t1/2 scaling is robust to predict the
evolution of liquid in a square tube in the viscous regime, and the coupling effect plays an
important role in determining the spreading factors.
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Appendix A: Calculation of s∗
The free energy density at fully saturation is given by Eq. (6)
f(1) = −8 cos θaγ. (A1)
The free energy density at small saturation is given by Eq. (10)
f(s) = g(θ)
√
saγ, (A2)
g(θ) =
−8(cos θ − sin θ) cos θ + 2π − 8θ
[cos2 θ − sin θ cos θ − (π/4− θ)]1/2 . (A3)
The equilibrium between the fully saturation case and partial saturation case is given by
the condition
df(s)
ds
∣∣∣
s=s∗
=
f(1)− f(s∗)
1− s∗ . (A4)
This corresponds to a straight line passing through s = s∗ and s = 1 points, while also
tangential to the free energy curve at s = s∗ (see Fig. 2).
For the fully wetting case θ = 0, this condition becomes
−8 + 8α√s∗
1− s∗ = −4α
1√
s∗
, (A5)
where α =
√
1− π/4. Solving for s∗ and one gets
s∗ =
[
1−√1− α2
α
]2
≃ 0.0603. (A6)
Appendix B: Effect of initial conditions
Here we analyze the effect of initial conditions on the numerical results of Eq. (41) and
Eq. (43). The discrete steps for the time and the position are ∆τ˜ = 3.6×10−6, ∆z˜′ = 4×10−4.
For the bulk part, the initial length of the bulk is h˜0(τ˜ = 0) = 0.2. For the fingers part, we
give two different initial profiles of the saturation s for comparison, and both of them are
linear forms:
(I) s = −(0.06/0.2)z˜′ + 0.06. The corresponding initial values for h˜1 and Q˜∗1 are h˜1(τ˜ =
0) = 0.2, Q˜∗1(τ˜ = 0) = 0.0034.
(II) s = −(0.06/1.2)z˜′ + 0.06. The corresponding initial values for h˜1 and Q˜∗1 are h˜1(τ˜ =
0) = 1.2, Q˜∗1(τ˜ = 0) = 0.00057.
15
(a)
0.00 0.05 0.10 0.15 0.20
0.00
0.01
0.02
0.03
0.04
0.05
0.06
s
z' 
 0
 0
 
 
 
 
 
 
 
 
(b)
0.0 0.5 1.0 1.5 2.0 2.5
0.00
0.01
0.02
0.03
0.04
0.05
0.06
s
z' 
 0
 0
 3.6
 3.6
 
 
 
 
 
 
FIG. 5. The evolution of the saturation s of the fingers part for different initial conditions. The
solid lines are the evolution results based on the initial condition (I) s = −(0.06/0.2)z˜′ + 0.06,
and the dot lines are the evolution results based on (II) s = −(0.06/1.2)z˜′ + 0.06. Both of the
calculations are based the same parameter values: h˜0(τ˜ = 0) = 0.2. Short-time dynamics is shown
in (a) and long-time dynamics is shown in (b).
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The evolution of the saturation s for the fingers part are plotted in Fig. 5 for (a) short-
time and (b) long-time. One can see that after a relatively short time τ˜ = 3.6, the profiles
from two different initial conditions converge to almost the same profile. After τ˜ = 3.6, the
two profiles are indistinguishable and exhibit the same long-time dynamics. Therefore, the
initial conditions only affect the dynamics in a very short time scale, and have no influence
on the long-time dynamics of the meniscus.
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